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Abstract— As a probabilistic real-time computing method,
measurement-based probabilistic timing analysis is based on
extreme value theory (EVT), a statistical theory that is applied to
worst-case execution time (WCET) analysis on real-time
embedded systems. The statistical distribution produced by the
EVT theory is known as the generalized Pareto distribution or the
generalized extreme-value distribution. One of the three
conceivable shapes for their cumulative distribution function
asymptotically could be: 1) light; 2) exponential; or 3) hefty tail. A
number of recent papers suggested using their exponential version
to upper-bound the light-tail distributions.We demonstrate in this
letter that this assumption is frequently misunderstood and that it
is only true in specific situations. Because of this, the WCET s
estimated in an unsafe manner, which is unacceptable for
applications that target safety-critical embedded systems.

Index Terms—Embedded software, real-time systems, statisti-
caldistributions.

I. INTRODUCTION

ROBABILISTICreal-
En)ecomputinghasbeenproposedtoovercomethecompIexityofus
ingtraditionalworst-
caseexecutiontime(WCET )analysesonmodernprocessorarchite
ctures.Infact,advancedmicro-architecturalfeatures—
suchaspipelines,multilevelcaches,orsystemmanage-
mentinterrupts—
complicatetheWCETestimation[2],beingsourcesofnondetermi
nism.Thetiming
analyseshecomeevenmorechallengingoncommercialoff-the-
shelfplatforms[3]andintime-
sensitivehighperformancecomputingapplica-tions [1]. In
critical embedded systems, the violation of timingconstraints
is not acceptable. To guarantee their satisfaction,
itismandatorytogetasafe,i.e.,nonunderestimated,valuefor
thetasksWCET.
Thewidelyusedprobabilisticapproachiscalledmeasurement-
basedprobabilistictiminganalyses(MBPTAs).

Thismethodhasstillseveralopenissues[4]andithas
recentlygainedconsiderableresearchinterest.Itisbased

onusingdirectmeasurementsofthetasksexecutiontimes

Authorized

i.e.,, the probability of observing an execution time that
islargerthanthemaximumvaluepreviouslyobserved. Theoutputo
fprobabilisticreal-timeanalysesistheso-calledprobabilistic-
WCET (pWCET), i.e., a statistical distributionused to derive
the WCET, given the violation probability, andvice versa.
Some works upper-bound this probability with theexponential
version of its distribution. In this letter, we arguethat this
assumption is valid only under certain conditions.
Acomprehensiveandbasictutorialonprobabilisticrealtimecanbef
oundin[5].

A. ExtremeValueTheory

Theextremevaluetheory(EVT)[6]isawell-knownand
assessed statistical theory, traditionally used for naturaldisaster
prediction, e.g., the forecast of catastrophic floods.Provided
that the input values are i.i.d.,'the output of the EVTis a
distribution ~ that  represents  the  probability  of
observingextrememinimumsormaximums.

In real-time computing, the EVT input values, identified
bytherandomvariablesX;, Xz,..., Xparethetimemeasure-ments
ofa given task’s jobs. Following a well-defined estima-tion and
testing process [7], the EVT can estimate the
PWCETcumulative distribution function (cdf: F(x)P(X<x).
Itscomplementary (ccdf), i.e.,—1 E(x) = P(X X),
representsthe probability of experiencing execution times
larger than afixedvaluex.

B. Extreme Distributions

FromtheresultsoftheFisher—Tippett—-Gnedenkotheo-rem [8],
[9], the pWCET distribution is asymptotically equiv-alent to
the generalized extreme value distribution (GEV orGEVD)

F(x)=



topredicttheoccurrenceofextremeeventsatruntime,

TheGEVhasthreeparameters:1)thelocationy;2)thescalec;a
nd3)theshape&. Thevalueoftheshapeparam-

eterspecializesthedistribution:for§ <0,thedistributionisare
versed  Weibull; for& 0,itisaGumbel; for&
>0,itisaFréchet. Traditionally,theestimationoftheGEVpar

Fig.1.AsymptoticbehaviorsoftheGP3(0, 100, &)cdfF(x).

followingsequenceYy, Y2, ..., Yysofrandomvariables:
Yi=maxX(Xe.(i—1)+1,XB-(i ~1)+2/ -+ -, XB(i~1)+B~1)-
Thepeak-over-threshold(PoT)approachisanalternativetoBM
(Yy,Y2, ..., Yn)={Xst.X>U}

whereuisapredefinedthresholdandmisthesizeoftherighttermset.
TheresultingrandomvariablesY;aredistributedaccording to the
generalized Pareto distribution (GPD) in thePoT case. The
GPD can be provided in three-parameter form(GP3)orintwo-
parameterform(GP2).Inordertosimplifythe subsequent
notations, we consider the GP2 lacking
thelocationparameterp,i.e.,GP2(ag, &)GP3(0, o¢,&). Thisform
does not reduce the generality of this letter, as
discussedinSectionll-C.ThecdfofGP2(g,&) isthereforedefinedas

1-1+8 Y5ifg/=0
FOO= 1 ee if€=0. @

TheGPDisasymptoticallyequivalenttoGEV/[10]anditcanconseq
uentlybeusedfortheextremeprobabilitycomputation.

Il. EXPONENTIAL TAIL-BOUNDINGPROBLEM

Inprobabilisticreal-timeresearch,Hansenetal.[11],Cucu-
Grosjeanetal.[12],andAbellaetal.[13]arguedthat
theexponential-taildistributions,i.e., GEV/GPDwith&=0,

ametersisperformedbyusingtheblock-maxima(BM)
method: given the original sequence of random vari-
ablesXy, X2, ..., XsandablocksizeB,BMgeneratesthe

1IndependentandidenticalIydistributed.Thisassumptioncanberelaxed,b
utthisdiscussionisoutsidethescopeofthisletter.

context, this means that using a distribution with exponential-
tail (¢ = 0) to upper-bound a light-tail (¢ <0) should notlead
to pWCET underestimation. This is true because, for acertain
WCETX,theprobabilitytoincurinalongerexecution

time (1— Fg, (%)) is always higher than the one computed
withlight-tail(1 — F,(x)).Viceversa,foragivenprobabilityp,the
WCE Testimatedbyexponentialtail(F ~*(1 —p ))isalways

G
higherthantheonecomputedbylight-tail(F ~* . (1-p)).

2
Theseresultsarevalidonlyiftheotherparameter(s)ofthe

distributionremainsunchanged.Forexample,assumetofitthe
complete distribution GP3(u, 0,&) (with & <0) and thenenforce
&0 obtaining GP3(u, o, 0). In this case, the seconddistribution
upper-bounds the first one and the pWCET is notunder-
estimated. However, enforcing &0 before
performingthedistributionfittingmayleadtodifferentvaluesofys
ando , with respect to the real distribution of the data. This
wouldinvalidate the previous result, carrying out potentially
unsafepWCET estimations. The estimation procedure in fact
usuallyprovides the 7 and o values that best fit the input data.
Thesein general are different from the ones that would have
beencomputed without enforciag & 0. Moreover, if the
estimatorisunbiasedwithrespecttothemeanoftheextremepopulat
ion,theresultingdistributionisalwaysunsafe,asprovenbelow.

A. ParametersShiftEffectsontheFirstMoment

Toprovethestatementsabove,weinitiallyuseatwo-

parametersGPDGP2( g, &) (thistosimplifythecalculus). Theextensi

ontoGP3andGEVisthendiscussedinSectionl |-

C.LetY1,..., Ynbethemmaximumtimemeasurementsdis-
RS g SRR A BT e B Tt Mse,
themeanvalueofY;matchestheexpectedvalueoftheGP2

distribution
o

E[Y]=
1-¢

Itfollowsthat, fortheexponentialdistributioncase(£=0)

theexpectedvalueis:
E[Y]=0%-o.



aregoodcandidatesforfittingthepWCETdistribution. These
claimsaremotivatedbyempiricaldemonstrations,asitisalmost
impossible to provide formal ones. Conversely,
otherexperiments [14], [15] showed that it is worth
considering theé <0 and & >0 cases. The exponential
distribution may infact not be representative of all the
scenarios. In literature,
the&>0caseiscontroversial:consideringitwouldmeanthatthe
WCET can also get a infinite value. However,
discussingthevalidityofthiscaseisoutofthescopeofthisletter.
Fig. 1 shows the tails of the extreme distributions,

depictedbytheccdffordifferentvaluesoftheshapeparameteré
.ThisreggHthasbeenrecentlyused[ 6]
[18]tostatethatexponential-tail distribution upper-bounds
the light-tail distri-bution.Formally,

1-Fg(x)>1 —Fg(x)

Upper-bounding with the exponential-

tail distribution meansforcing &0 for

the same set of data, while

maintaining .
thesameexpectedvalueE[Y],thatis,
Og<0

- = = xi=-0.4
xi=-0.6

—~ 086

1-F(x)

Fig.2.Complementarycdfvarying&oftwo-

&=0 1 _é’.'
Incasethedataaredistributedwith& <0,thesimplification&0
= leads to estimate 0g> Oz<o. However, the following
section provides the proof that this scale parameter skew
mayleadtounsafepWCETestimations.

B. ProofofFailureofExponential-TailUpper-Bounding

GiventhedefinitionofcdfF(x )P (%x),upper=
boundingadistributioninthecontextofMBPT Ameansthat
therelationF"(x ) <F(x)holdsforanyx.

1 2
Proof:LetF=1-F(x)
=P(X>x)bethecomplemen-

where 1 GP3(u,0,0)and; GP3(u,0,&<0).This

relationisequivalentforGEV.Intheprobabilisticreal-
timetarycdf. Asafeupper-

boundforpWCEThastoguaranteetheconservativerelationP"(X
>X) >_P(X >X) V x.Fromthis,

@
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parameterGPD.ThereferencedistributionGPD(100, 0)isrepresentedbythesolidblueline. The(b)plotisthezoomof(a)plotattheccdfintersection.

itispossibletoobtainl F'(x)>1 F(x)andinturn,
Féx) <F(x).
In our scenario, F'(x) corresponds to the upper-bound with&
0, —while F(x) is the real distribution, with & assumed
tobesettoanunknownnegativevalue& <0.Byexpandingthe
cdfsweobtain
X

- Y
g A
1-e &=0<] -  1+& 00 . (©)

This inequality must hold for any x, but since we are
dealingwithapositivevariable(executiontime),thisholdsonlyfor
x >0. As a consequence of (2), it is possible to state that
thisinequalityisnottrueingeneral.
Proof:Removingtheconstanttermandmultiplyingby — 1

X

5 x V&

e §&0> 1+& %<0 ] (4)

C. ApplicabilitytoGEVandGPD3-Parameters

Theproblemofexponential-
tailboundingexistsalsoinGP3andGEVsincebothsharethesameta
ilbehaviorpresentedinFig.1.Thepreviousproofscanbeeasilyport
edtoGP3
andGEVdistributions.FollowingthesameapproachoftheGP2vers

ion,themeanvalueofGP3(u, g, £)isE[Y]= .
L+(0/1— &).1fthemeanvaluedoesnotchangeoncetheesti-

mationrunwith&=0,theresultsareexactlythesameofthe

< 1o
orovidedproof.Ifye.o HMe<o thentheerrorishigherand

theestimationbecomesunsafe.l fL/ig > Lie<o,thennothing
canbesaidwithoutanaccurateanalysisofthespecificcase.
SimilarlytotheGPDcase,theGEVconditionforsafeupper-
boundingis
X _
~Og=0- 1-1+&8— v
el —e <e 9g<0

andsincee’™ <ed™ « f(x ) < g(x),itresultsthat

X

— (Ve



Letusnowreplaceos<paccordingto(2) 9&<0

X
—o_— E Xfl/‘f
e §=0> 5
1+1_ }’705:0 (5)
The equation corresponding to this inequality has a trivial
zeroforx; =0,butithasanothersolutionxzforx >0
x;:g‘f:—‘)cE “wWE-1)e  FUC wE-1 (6)

whereW[]istheLambertWfunction.Since& <0,the
argument of W[] is negative, as well as .W[]. While,
peian[] < 1,xassumesapositivevalue. Thismeansthatthereisa
secondzero(xz >0)andconsequentlyatleastavalue(xz)thatviol
atestheinequalityof(3).

AsdiscussedinSectionlll thereisactuallyacontinu-ous
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Fig.3. Analysisofthesafetypointxz(bluesolidline)andthemaximumabsoluteerror(reddashedline),varyingthereal € <Oandcomparedto&

case. The(b)plotisthezoomof(a)plotwhen&hasamagnitudeof10 ~4.

andé  0.8.Thescaleparametergiscomputedaccording

to (2). The respective ccdfs are depicted in Fig. 2(a).
Theexponential GPD (&0) upper-bounds both distributions
onlystarting from the value x,  179. The absolute value of
X2 isnot negligible: in this case we consider g100, that is
themean value of the extremes, and the exponential tail
upper-
boundbecomessafeonlyafternearlythedoubleofit.Fig.2(b)zoo
ms in the intersection point of the previous Fig. 2(a).
Asexpected,increasingthevalueofétowardOproducesasmaller
error in the difference of cdf between & <0 and
£0.However,itshiftsalsotheintersectionpoint,i.e.,thepointat

whichtheupper-boundissafe,toward+ .

To investigate better the last result, we compute the max-
imum error between a GP2(0z<,& <0) and the

Absolute error47)

1-e 1+&

thatisexactlythesameof(3).Forthisreason,thepreviousanalysiscanb
eappliedalsotoGEV.

&=0<1 -

Inordertoclarifythepreviousequationsandtoprovideacounterex
ampletotheexponentialupper-
boundingclaim,weusetheGP2distributignwitho
Oasa

reference. Toshowtheviolationoftheupper- ]
boundingrule,wecompareitwithothertwoGP2distributionswith&

=—0.4
interval, i.e., infinite points, that violates the
inequality.Providingananalyticalproofforitisnotsimplebecau
seofthecomplexityintroducedbytheLambertWfunction.Luck
ily,this is not necessary to demonstrate that the exponential-
tailupper-bounding is unsafe. The counterexample obtained
bynumericalevaluationisinfactsufficienttoprovethis.

NUMERICAL EVALUATION

—100and&

107

Ny

1=

Absolute error (--)

(b)

referencedistributionGP2(100, 0),byvaryingthevalueof& fromlto 0.
The result is depicted in Fig. 3(a). The blue (solid) linerepresents
the value x, after which the upper-bound is safe,while the red
(dashed) line shows the maximum error com-pared to the
reference distributior. The x, value increases witha peculiar
slope, for which we provide Fig. 3(b) to ~show
thetrendforsmallvaluesof&,whilethemaximumerrorhasaquasi-
lineartrend. Thekeypointhereistoobservethatthereis no  upper-
bound for x,. Even if there exists a point X, fromwhich the upper-
bounding is safe, it is not possible to know itwithout knowing the
real value of & . This leads to an uncer-tainty on the pWCET
estimation  that cannot be  accepted inhardreal-
timesystems.Ontheotherhand,when€&iscloseto0 and x, increases
toward infinite, the error decreases, but
westillneedtoknowéinordertoestimateboth.



IV. CONCLUSION
To ensure timing limits in harsh real-time embedded systems,
the WCET analysis's dependability is crucial. Given that it
provides pWCET estimates, probabilistic real-time computing
presents a viable approach to handling complicated
infrastructures. A few recent studies have suggested an upper
bound for the pWCET extreme value distribution when it has an
exponential tail version (& 0) and a light tail (§ <0).Although it
streamlines the procedure in general, if the § value is bounded a
priori with regard to the estimation phase, the p WCET value
can be underestimated. Because they assumed the upper
boundary to be safe, previous works ignored this issue. Rather,
we demonstrated that its validity is limited to WCET values
higher than an unidentified value x2. These arguments make it
inappropriate for us to discuss exponential-tail distributions on
crucial systems without taking the parameter into
consideration.Instead, either the error size needs to be predicted
or the WCET needs to be sufficiently big to ensure a safe upper
bound.
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